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Introduction and Summary 
To each of the datasets D, F, H and I we identify (design or build) the optimal model in the 

Probabilistic Trend Family (PTF) modelling framework for the incremental paid losses and 

the Case Reserve Estimates (CREs).  

A model belonging to the  PTF modelling framework is depicted by four graphs; the trend 

structure for each of the  three directions development period, accident period and calendar 

period, and the quality of the process variance about the trend structure. Forecasting scenarios 

for the paid losses are based on the information extracted from the paid losses in respect of 

stability of calendar year trends, and any identified 'trend relationship' between the paid 

losses and the CREs. In the PTF modelling framework the actuary has control on formulating 

forecast scenarios for the future related to past experience. These scenarios are explicit, audit 

able and can be monitored in a sound probabilistic framework. 

The Mack Method is also applied to the cumulative paid losses and the incurred losses. These 

methods are tested in respect of capturing the volatility in the data and also in respect of their 

degree of predictive power. 

In order to calculate the Cost of Capital the probability distribution by calendar of the liability 

stream needs to be computed. We do this based on explicit and auditable assumptions that 

can be monitored on updating in a sound probabilistic framework. The volatility in the future 

paid losses cannot be extracted from the incurred losses array, notwithstanding the fact that 

for most cumulative arrays the Mack and related link ratio methods give grossly inaccurate 

indications. 

 

Summary of results 

In general, standardized residuals of a fitted model exhibit the remaining structure in the data 

adjusted for the fitted parameters. Equivalently, they represent trends in the data minus the 

trends estimated by the model. For an optimal model residuals are random around zero so that 

trends in the data equal the trends estimated by the model.  

Dataset D 

The identified model structure for dataset D did not have any calendar year trend changes in 

the available data. As a result, the modelling and choice of future structure was 

straightforward. Monitoring will be important in order to pick up on any trend changes 

should they occur in the future. 

The Mack method, when applied to this dataset, while it gave answers which were 

comparable to the optimal PTF model (though on the low side), does not have predictive 

power, does not quantify the structure in the data and therefore is not preferable for selection. 
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Furthermore, the Mack method does not project volatility in the liability stream – a necessity 

for any cost of capital allocation. 

Dataset F 

In the paid losses to date, no calendar trend changes have been observed. There have been 

two increases by accident period, however, and these would need to be taken into 

consideration when computing any underwriting risk. By contrast, the Case Reserve 

Estimates (CREs) have an identified trend of 22%+_3.5% for the most recent two years. It is 

necessary to determine the reason for this increase before applying this increase to the Paid 

Losses. 

Once again, with no calendar trend changes (as found in the optimal PTF model), the Mack 

method still suffered from the same problems as observed for dataset D – under projection of 

the total reserve and the ratios lacking in predictive power. 

The optimal PTF model was selected. 

Dataset H 

Both the (incremental) paid losses and the case reserve estimates (CREs) possess major trend 

shifts in recent calendar years. These suggest shifts in closure rates. The trend change in the 

Paid Losses is in the opposite direction as compared to the CRE. The relationship between 

the two data types is suggestive of a hypothesised forecasting scenario going forward. This 

hypothesised scenario could be more fully tested if we had access to the number of closed 

claims (NCC) triangle. 

For this dataset the Mack Method applied to the cumulative paid losses and the (cumulative) 

incurred losses gives answers that are ridiculously low. In order to obtain the same mean 

given by Mack for the Incurred Losses from the optimal PTF model, we need to assume a 

calendar year trend of -25% +_ 3.46% over a (future) 10 year period. Another PTF scenario 

which gives the same answer as the Mack method on Incurred is -69% +_ 19% for one future 

calendar year followed by 0 for the remainder of a 30 year (future) period. Neither of these 

future forecast scenarios are remotely plausible; they result in answers around half of an 

optimistic scenario produces. 

The Mack method does not capture calendar year trends, hardly has any predictive power, 

does not have any descriptors of the volatility in the data and it is unknown what calendar 

year trend assumption is made in forecasting - the Mack method does capture an average 

calendar year trend but there is no descriptor of it. 

Indeed, we use the bootstrap technique to show that bootstrap samples from the Mack method 

are not related to the data and therefore the method has absolutely nothing to do with the 

features in the data. 
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As a result of the more recent calendar trend changes, a number of scenarios for the future are 

considered. As the next years‟ data become available, the most appropriate scenario can be 

selected. Until the data are available, a conservative approach is adapted. Naturally in 

practice the forecast scenario would be revisited at year end 2007 rather than waiting two 

years as for this study. 

Dataset I 

As for dataset H, both the (incremental) paid losses and the case reserve estimates (CREs) 

possess recent major shifts in calendar year trend suggesting that this may be driven by shifts 

in closure rates. However, the evidence of this hypothesis is not as strong here. The 

relationship between the two data types is suggestive of a hypothesised forecasting scenario 

going forward. This hypothesised scenario could be more fully tested if we had access to the 

number of closed claims (NCC) triangle. 

The underlying calendar trend in the paid losses, as identified in the optimal PTF model, is 

16.95% +_ 3.73% interrupted in 03-04 with a 65% +_ 11% trend change. This trend change 

is observed in the residuals of the Mack method, however the method is neither able to 

account for this change or quantify it. 

For this dataset the Mack method applied to both the cumulative paid losses and the incurred 

losses gives mean answers that appear too high. However, if the trend in the paid losses 

reverts to 65% +_ 11% (the trend between 03-04), and then continues with most recent trend 

of 16.95% +_ 3.73% to calendar year 2036 then the Mack applied to the incurred data gives 

(only) a reasonable mean. However we argue in the body of the document that this scenario is 

pessimistic and quite unlikely.  

The most likely scenario is to continue with the 16.95% +_ 3.73% trend. We would have 

more evidence to support this conclusion if we had the number of closed claims (NCC) 

triangle. 

Composite model with capital allocation by line and calendar year 

We can combine the four PTF models described above in one joint model in the MPTF 

framework. This modelling framework detects the process correlations between individual 

lines and fine-tunes that model parameters using them. The resulting Reserve Correlations are 

generally smaller than the corresponding process correlations but do have a significant effect 

on aggregate standard deviations and risk capital allocations. We give the highlights of such 

an analysis, under the assumption that the four datasets correspond to four lines of 

business in the same company. 

Conclusion 

In respect of a model belonging to the Probabilistic Trend Family (PTF) modelling 

framework the parameters estimates and process variability are depicted by four graphs. So if 

residuals do not have any structure, it is immediately clear that the trend structure in the data 
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and the quality of the process variability have been fitted „accurately‟ by the model. 

Moreover, the actuary has control on parameters (including calendar year trends)  in 

formulating  a forecasting scenario for the future. 

By contrast, the Mack method does not have descriptors of the trend structure in the data (and 

does not model development period zero). It often lacks predictive power, and does not 

capture (and measure) calendar year trend changes. Moreover, often the weighted 

standardised residuals of Mack are skewed to the right as a result of large percentage 

variation on a log scale of the corresponding incremental data. 

Our emphasis is not just on “ensuring” consistent estimates of prior year ultimates on 

updating, but also on the probability distributions of the paid losses by calendar year and their 

correlations for the purpose of computing the cost of capital. 

Once each data set is updated, it is only in a probabilistic framework that forecast 

distributions as of 2006, can be compared with observed paid losses for 2007 and 2008. 

Updating, forecast tracking, and monitoring of the identified model is conducted in a 

probabilistic framework. 
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Data set D  

Choice of Exposure Vector 

Accident year levels are affected by exposure such as number of policies, number of motor 

cars, wage roll, earned premium and so on. We normalize a loss development array by an 

accident year exposure vector. If there isn‟t one then the „role‟ of exposures is taken up by the 

accident year level parameters in the identified model. 

We can easily make a comparison between two competing exposure vectors by fitting the 

diagnostic Separation Method (SM) model to each normalized array. This SM model 

removes the average development period trends between any two contiguous development 

periods and any two contiguous accident years. The exposure vector that removes more of the 

resultant change in accident year levels is better. 

Note that residuals always represent trends in data minus trends estimated by model. 

That is, residuals always represent the difference of two trends. 

We illustrate this with dataset D. We have chosen 1997 as the first year, as no specific year is 

named in the original data. An exposure vector provided with the dataset, Earned Premium 

(EP), is tested against the alternative of using a uniform exposure vector (equivalently „no 

exposure‟ since a uniform exposure has no changes in level).  

For ease of comparison, only the residuals versus accident year plots are shown in Figure 1; 

subsequent residual plots will also show the residuals versus development and calendar also. 
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The plot (above) on the right results from the dataset with premium as exposure. It appears to 

be slightly flatter than the residual display made without using an exposure measure 

particularly in the more recent accident years. Therefore, we will use the premium as 

exposure for this analysis. 

The identified PTF model for the paid losses 

The data display below shows the losses by development year on a log scale after 

normalising by exposure. 
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On the basis of the ten years of data available it is possible to infer that there is an increase 

from development period 0 to 1, followed by a strong decline in losses beginning after the 

second development year. 

The model display, shown below, illustrates the expected results. There is a strong positive 

trend of 0.46 +- 0.098 followed by a sharp decay of 1.34 +- 0.073. Although the process 

variance is low initially, the standard error of the parameters is quite high. This result is not 

unreasonable given the number of data points. 
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The model display above illustrates the trends found in three directions (development period, 

accident period, and calendar period), along with the process variance (of normal 

distributions) around the trend structure, versus development (lower right plot). Normality of 

the weighted standardized residuals is shown on the following page - it is an integral 

component of the model. 
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The model trend structure is very simple for this dataset, the only trend changes are by 

development direction and the accident and calendar year directions both show no changes. 

The process variance (around the trend structure) increases in development 2-3. This is not 

unexpected since on a percentage scale the observed values are generally more variable 

(volatile) the lower the mean is. 

Wtd Std Res vs Dev. Yr
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The residuals above show the remaining variation in the data after the model trends have 

been fitted. The residuals above are randomly scattered – there is no detectable structure 

remaining in the data. 

Some model diagnostics consider the residuals (that equal trends in the data minus the trends 

estimated by the model), in the three directions and in relation to fitted values. Note the drop 

in the early accident period and the apparent increase from 2003 onward. Level changes at 

these points are statistically insignificant and are not included in the final model. 

Wtd Res Normality Plot

N = 38,  P-value = 0.4049,  R^2 = 0.9729
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The P-Value for normality is high.  

Forecasting with the identified PTF model and validation analyses 

The identified (optimal) PTF model fits a normal distribution on a log scale to each cell and a 

log normal on a dollar scale. The trend structure relates means of the normal distributions.  

Forecast distributions (normal on log scale and lognormal on dollar scale) for each cell are 

based on explicit assumptions, namely, development and calendar period trend estimates, 

accident year level parameter estimates (differences are trends), uncertainties thereof and the 

process variances (of the normal distributions). 

Forecast development periods can extend beyond the last development period in the triangle 

and accident periods- the latter for pricing and assessment of underwriting risk. 

Usually, one would forecast with the most recently observed trend estimates and their 

uncertainties, but if additional information is known about the next year(s), then the forecast 

scenario may be adjusted to include this additional information.  

The calendar trend of zero has been stable over the entire 10 year period, and therefore the 

future calendar trend was left unmodified. See validation analyses below. 

If there is information from other data types (see analyses of CRE below) and/or (external) 

information that this may not be the case (see datasets H & I), then this critical assumption 

can be modified. 

Validation analyses involve removal of calendar years. We project the mean and standard 

deviation of total reserves (completion of square) beyond 2006 at end year 2006, 2005, 2004 

and 2003. 

Forecast Means and Standard Deviations vs Last Calendar Period
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In the validation graph above, the projected total reserve mean and standard deviation is 

compared for the model estimated at year end 2003, 2004, 2005 and 2006. For example, the 

mean and standard deviation of the total reserve beyond 2006, based on the model estimated 

at year end 2003 are 1,270,000, and 195,000 respectively. 

If we were at year end 2003 we would have projected essentially the same reserve 

distribution compared to the calculation using all the data up to year end 2006 (conditional on 

knowing the exposures for the excluded years). This is indicative of calendar year trend of 

zero, constant accident year level, and the decay from development period 1-9 being stable. 

Prediction Errors Normality Plot

N = 13,  P-value is greater than 0.5,  R^2 = 0.9703
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Moreover, the normality plot above indicates that at year end 2003 the estimated model 

would have accurately predicted the volatility of the paid losses in the next four years. 

The validation shows that the accident year (constant level), the development period decay, 

and the zero calendar trend are relatively stable. 

In this example the forecast is extended by one development period. Due to the strong 

development parameter decay this extension has minimal effect on the ultimates. 
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In the forecast table above a black value is the mean of the fitted (or projected) lognormal 

distribution for that cell, a blue value an observation, and the red value represents the 

standard deviation of the projected lognormal for the cell. The burgundy numbers in the row 

and column margins are standard deviations of sums of lognormals by accident year and 

calendar year.  
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The above summary table gives reserve and ultimate means, standard deviations and CVs by 

accident year and total.  

How do we know if prior year estimates of ultimates are consistent on updating? 

The two columns on the right provide some statistics conditional on the next calendar year‟s 

(2007) data (not observed yet). 

If on updating the model using 2007 data there is no significant change in calendar year 

(zero) trend and no significant change in decay trend from period 1-9, then the mean ultimate 

of all the mean conditional on 2007 data ultimates, is the mean ultimate as at end 2006. 

The second column from the right represents on average the Standard Deviation (SD) of 

ultimate given 2007 data (note reduction due decrease in parameter uncertainty with more 

data and forecasting horizon not as far), whereas the column on extreme right represents the 

SD of the conditional on 2007 expectation of mean ultimate. It gives an idea of possible 

statistical variation in mean ultimate that maintains consistent estimates of prior ultimates on 

update. 

There is expected to be little change in the re estimation of prior year ultimates  assuming that 

the trend applied in the forecast holds true for the next calendar year(s).  

If, for some reason, the trend was not zero, then on updating and monitoring of the 

model based on next calendar year’s data, adjustments could be made and forecast 

scenario possibly amended.  

As a test for reasonableness, the projected future liability stream can be compared to the paid 

losses in the more recent calendar years. This comparison can be made directly from the 

previous forecast table, but a second table is produced below. This comparison table, by 

excluding development periods in the last calendar year, allows a direct comparison between 

the most recently observed paid losses and the projected future paid losses. 

The table shows that the projected mean paid losses are “in line” with the amounts paid in the 

previous year, given the increases in exposure more recently by accident year. 
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The liability stream is also reasonable from the forecast table excerpt shown above. The 

projected mean of 908k compares favourably with the last payment of 1,156k given that the 

908k does not include any payments in development zero and exposures by accident year 

increase. 

 
The summary table above includes both the premium, incurred to date, and CRE. 

Case Reserve Estimates (CREs) 

The case reserve estimates were modelled for comparison with the Paid Losses. Do CREs lag 

or lead paid losses in respect of trends? 
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The increase between 2004 and 2005 is slightly higher than the negative calendar trend over 

the last four years. The case reserve estimates in 2005 are unusually high in development 

period 1 – this would need to be investigated. 

There does not appear to be any evidence from the trend structure in the CREs of an 

impending change in calendar year trend of zero in the paid losses. 

Reserve probability distributions by calendar year, accident year and total 

The identified model in conjunction with the forecast scenario projects log normal 

distributions for each cell and their correlations. 
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Since there is no closed analytical form for the sum of log-normal distributions, we simulate 

from the correlated lognormals to find distributions of aggregates. 

 

This histogram is based on 100,000 draws from the joint distribution of the forecast cells. The 

red line indicates the mean and the yellow the median. 

The total reserve distribution is only moderately skewed. 

 
The Sample columns in the percentile table excerpt above refer to the sample of 100,000 

draws from the joint distribution of forecast cells, the Kernel columns refer to a smoothed 

version of the empirical distribution. The VaR and T-VaR figures are based on reserving at 

the mean; they can be recomputed by a shift if a different figure is used for the reserve. 
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The simulations from the correlated lognormals allow for aggregate distributions of the total 

reserve (as shown above), but also can be used for aggregates of calendar years or accident 

years. 

By way of example, the distribution of the next calendar year and the sum of the next two 

calendar years are computed. 

 

Kernel and Histogram (Cal. Yr: 2007)
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Based on the forecast assumptions specified, the loss distribution for 2007 is simulated as 

displayed above. The minimum loss simulated was around 400k whereas the maximum was 

around 2.2M; a wide range.  On average, however, we would expect around 908K; the 

aggregate mean of the projected cells for the 2007 calendar year. 

The simulation was run again – this time for the aggregate of the next two calendar years. 
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Kernel and Histogram (2007+2008)
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Again, the distribution has a wide range of possible outcomes based on the model and 

forecast. The minimum loss simulated for the sum of the next two periods being roughly 

600K and the largest simulated loss around 2.5M. On average, we expect a figure around 

1.2M – the sum of the means of the payments for these two calendar years. 

Summary by calendar years required for cost of capital calculations 

The means and standard deviations of the probability distributions of paid losses by calendar 

year can be extracted from the forecast table. 
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These projections assume that no further business is written and purely projects the liability 

stream (for the reserving risk). The expected payments in the next two years, in the triangle 

without projecting further underwriting years, are 908,000 +- 165,000 and 247,000 +- 59,000 

respectively. Note that the distribution is not symmetric and the +- component refers to the 

standard error of the distribution. 

The identified PTF can also be used to project future underwriting years as well as reserving 

years. In order to facilitate this, it is assumed that there are no material premium changes for 

2007 and 2008 (the relative exposure is comparable to 2006). Therefore, the level and 

exposure changes can be maintained for these two periods.  

 



 

Study for GI ROC 2009 Page 21 

 

 
A combined reserve and underwriting table is then computed and is displayed below. 
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The projected mean payments in 2007 and 2008 are now 1,345,000 and 1,376,000 and 

include the projection for the first development period (0). The projected means are higher 

than those observed to date due to the increasing exposure. 

 

 
A comparison with the mean paid to date by calendar period is made above with the projected 

calendar year means incorporating the next two underwriting periods. The dashed red line 

represents the mean +- one standard deviation. The projections are consistent with the paid-

to-date thus far and are assuming no changes in exposure other trend or level changes in the 

model. 



 

Study for GI ROC 2009 Page 23 

 

 
The table above is consistent with the previously shown accident year summary, but includes 

the additional two rows for the expected figures of the underwriting risk in 2007 and 2008. In 

the PTF modelling framework, the projection of reserving and underwriting risk are not seen 

as two separate problems but rather the two risks can (and should) be treated as liability risk.  

Note that on average, when the next calendar year is added, the standard deviations of the 

outstanding amounts reduce. Knowing the next calendar year reduces the amount of volatility 

in the ultimates since you‟ve taken out the uncertainty associated with the next calendar year 

and the forecasting horizon is one year shorter. 



 

Study for GI ROC 2009 Page 24 

 

The Mack Method  

 

The Mack Method was applied to the Cumulative Paid Losses and the (Cumulative) Incurred 

Losses. The Mack method is a regression (through the origin) formulation of volume 

weighted average link ratios.  

Mack Method applied to Paid Loss data 

The Mack Method was fitted to the cumulative Paid Loss data and the residuals plotted 

against each direction and the fitted values. The plots are shown below. 
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The residuals above indicate that the method is over fitting the more recent accident years. 

The lower residuals all happen to be positive (lower right), however there are too few of them 

to assign any meaning to this. 

The Mack method makes two assumptions: 

 

 Cumulatives in a development period versus cumulatives in the previous period go 

through the origin; 

 

 Incrementals in a development period versus the cumulatives in the previous period 

are significantly correlated.  

 

If the first assumption is not satisfied the Murphy (1994) method that includes an intercept is 

better. 
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If the second assumption is not satisfied then the Mack method does not have any predictive 

power. [See the paper by Barnett and Zehnwirth (2000). This paper is prescribed reading for 

Study 6 of the CAS]. 

 

Both the above assumptions are not satisfied for these data between any two consecutive 

development periods. This is demonstrated graphically. 

Cum.(1) vs Cum.(0)
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The above plots show that you need an intercept and there is no relationship between the 

incrementals at period 1 versus the cumulatives at period 0 (right hand plot).  

The above findings apply to each pair of consecutive development periods. 
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Mack Method applied to Incurred Loss data 

We move onto examining the projections of the outstanding based on the Incurred Losses.  
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The Incurred Losses do not provide projections of the volatility in the paid losses by calendar 

year. The latter is required for computing the cost of capital. Nevertheless, for completeness, 

the calculations from the Mack Method (ratios were not a significant contributor of 

information), along with the residuals, are shown below. 

 

Wtd Std Res vs Dev. Yr

0 1 2 3 4 5 6 7 8 9

-1.5

-1

-0.5

0

0.5

1

1.5

Wtd Std Res vs Acc. Yr

97 98 99 00 01 02 03 04 05 06

-1.5

-1

-0.5

0

0.5

1

1.5

Wtd Std Res vs Cal. Yr

97 98 99 00 01 02 03 04 05 06

-1.5

-1

-0.5

0

0.5

1

1.5

Wtd Std Res vs Fitted

0.75 0.8 0.85 0.9 0.95 1 1.05 1.1 1.15 1.2

-1.5

-1

-0.5

0

0.5

1

1.5

 

  
The above does not allocate the 511,000 CRE to the calendar liability stream. However, the 

projected total for 477,000 in 2007 could be expected to take a significant proportion of this 

unallocated amount. 
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Data set F  

Choice of Exposure Vector 

As with the previously analysed dataset, the first step in the modelling process is to analyse 

the exposure vectors: Earned Premium versus uniform („no exposure‟).  

Wtd Std Res vs Acc. Yr
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There is little difference between these two displays, however the dataset without exposure 

(left) is slightly „flatter‟. It is better not to add redundant information into a model, so the 

dataset without exposure was used for the remainder of the analysis. 

The identified PTF model for the paid losses 

The data display below shows the losses by development year on a log scale after 

normalising by exposure. 

Log-Normalised vs Dev. Year

0 1 2 3 4 5 6 7 8 9

5.5

6

6.5

7

7.5

 
On the basis of the ten years of data available it is possible to infer that there is a strong 

increase from development period 0 to 1, followed by two more or less flat periods before 

losses begin to decline in development 3. 
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Dev. Yr Trends
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The development trends are as could be expected from the previous display – a sharp increase 

followed by a second slight increase, flat, then a steady decline.  Two accident level increases 

have been identified.  The first development and later development periods have higher 

variability than the middle periods – again expected since the more paid the less variation on 

a percentage scale. 
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Wtd Res Normality Plot

N = 54,  P-value is greater than 0.5,  R^2 = 0.9847
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The normality of the residuals is very good; P-value exceeds 0.5.  

 

Forecasting with the identified PTF model and validation analyses 

Forecast Means and Standard Deviations vs Last Calendar Period

1 Unit = $1,000
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The estimates of the total reserve are stable as we go back in time, though there seems to be 

an increase in 2005 and 2006. This increase, however, is still within the bounds of the 

standard deviations of the previous calculations. This is primarily a result of the accident 

levels being estimated more accurately as more data are available. 
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Prediction Errors Normality Plot

N = 26,  P-value is greater than 0.5,  R^2 = 0.9702
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Statistically, we are doing a good job of predicting the validation data conditional on the 

model structure and exposure. The residuals of the projections are normally distributed. 

For this dataset, the forecast was extended by five development periods. The same 

interpretation of the colours applies as with the previous table. All projected cells have a log-

normal distribution since we take the inverse of the normal distributions fitted to the log of 

the dollars paid. 

 

The right corner of the table above resized below for readability. 

 
Units are in 000s 

 

The total projected reserve at year end 2006 has a mean of 34,102,000 with a standard 

deviation: 2,038,000. 
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How do we know if prior year estimates of ultimates are consistent on updating? 

The two columns on the right provide some statistics conditional on the next calendar year‟s 

(2007) data (not observed yet). 

If on updating the model using 2007 data there is no significant change in calendar year 

(zero) trend and no significant change in decay trend from period 3-9, then the mean ultimate 

of all the mean conditional on 2007 data ultimates, is the mean ultimate as at end 2006. 

The second column from the right represents on average the SD of ultimate given 2007 data 

(note reduction due decrease in parameter uncertainty with more data and forecasting horizon 

not as far), whereas the column on extreme right represents the SD of the conditional on 2007 

expectation of mean ultimate. It gives an idea of possible statistical variation in mean 

ultimate that maintains consistent estimates of prior ultimates on update 

There is expected to be little change in the re estimation of prior year ultimates  assuming that 

the trend applied in the forecast holds true for the next calendar year(s).  

 

From this table, we can deduce that expected change in ultimate given the next years data is 

1,439,000. The expected new standard deviation of the reserve distribution is expected to 

drop to 1,443,000. 

 

The reserve calculations are more variable than the previous dataset, but, as the validation 

indicated previously, the reserves are expected to be stable – again assuming that the trend 

assumptions for the future match the trend assumptions assumed in the forecast scenarios. 
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The liability stream is consistent for the next calendar years compared to the previously paid 

amounts. 

 

As before, this summary table above includes both the premium, incurred to date, and CRE.  
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Case Reserve Estimates (CREs) 

The case reserve estimates were modelled for comparison with the Paid Losses. Are the same 

trends being measured? 
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The Case Reserve Estimates for this dataset show significantly more movement than the Paid 

Losses. They increase in 2002-2003 and have a very strong calendar trend from 2004 

onwards as though it was realised that the case reserve estimates were too low and there has 

been an effort made to ramp them up. The Case Reserves Estimates team would need to be 

contacted to confirm this. 

It should be noted that the case reserve estimates are significantly less the projected total 

amount to be paid. 
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Reserve probability distributions by calendar year, accident year and total 

The PTF framework also greatly facilitates detailed projection of the distribution of future 

payments for risk capital calculations and the breakdown of payments by calendar year for 

asset-liability matching.  

It should be noted for the calculation of the sum of log-normal distributions there is no closed 

analytical form – simulation is the only means to gain a description of the aggregate 

distribution (total reserve in this case). 

Kernel and Histogram (Acc Year: Total)
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For this scenario, the total reserve distribution is only mildly skewed. 
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The Sample columns refer to the sample of 100,000 draws from the joint distribution of 

forecast cells, the Kernel columns refer to a smoothed version of the empirical distribution. 

The VaR and T-VaR figures are based on reserving at the mean; they can be recomputed by a 

shift if a different figure is used for the reserve. 

Kernel and Histogram (Cal. Yr: 2007)
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The distribution of the next calendar year, reserve risk, is fairly symmetric but as with dataset 

D, a wide range of possible values simulated ranging from 5M to 11M. 

Kernel and Histogram (2007+2008)
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The volatility in the first two calendar years is high, but the distribution itself is quite 

symmetric with the sum of the two years (from the simulations) ranging from just under 12M 

to around 20M. 
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In ICRFS-Plus, using a model from the Probabilistic Trend Family (PTF), it is feasible to 

project future underwriting years as well as reserve periods. In order to facilitate this, it is 

assumed that there are no material premium changes for 2007 and 2008 (the relative exposure 

is comparable to 2006). Therefore, the level and exposure changes can be maintained for 

these two periods.  

 

The above table shows the projected ultimates for the future underwriting years along with 

the conditional information on how the ultimates are expected to change given the next years 

data. Again, the additional information in 2007 is expected to reduce the volatility in the 

ultimate since we will then know the 2007 figures exactly. 
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The above table illustrates the expected liability stream pattern for the future two 

underwriting years 2007 and 2008 only. 

A combined reserve and underwriting table is then computed and is displayed below. 
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Summary by calendar year required for cost of capital calculations 

Of primary interest is the projection of the next two calendar years. Within the reserving 

context, the projections can be taken directly from the forecast table. 

 
However, this projection assumes that no further business is written for this line and so it 

forecasts the cash flow for the reserving risk. The expected means in the next two years, in 

the triangle without projecting further underwriting years, are 8,293,000 +- 510,000 and 

7,117,000 +- 483,000 respectively. Note that the distribution is not symmetric and the +- 

component refers to the standard error of the distribution. 

The liability stream is reflective of the development pattern and four years into the future 

75% of the liabilities have been paid. Four years into the projection the previously analysed 

dataset had already paid 97% of the total liabilities. As a result, any calendar year period 

changes will have more of an effect on this dataset. 

As before, the future two accident periods are projected and the combined table of reserve 

and underwriting risk produced. For projecting the combined risk, a conservative assumption 

was applied to the next two calendar periods of a 2% +- 1% trend. The 2% trend was taken 

from the calendar trend 2004-2006 trend of 2.66% +- 3.64% which is not significant and 

therefore not retained in the optimal model fitted above. In order to be conservative given the 

sensitivity of this data to calendar shifts, the 2%+-1% trend was applied.   

This assumption of 2% +- 1% for the next two years seems in line with the paid to date by 

calendar year and should be included. 



 

Study for GI ROC 2009 Page 41 

 

 
The projected means in 2007 and 2008 are now 8,812,000 and 9,914,000 respectively and 

include the projection for the first development period. 

 
A comparison with the paid to date by calendar period is made above with the projected 

calendar year means incorporating the next two underwriting periods. The dashed red line 

represents the mean +- one standard deviation. The projections are consistent with the paid-

to-date thus far and are assuming no changes in exposure or level changes. An additional 2% 

+- 1% calendar trend was applied for 2007 and 2008 in order to be consistent and 

conservative with the previously observed payments. 
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The table above is consistent with the previous summary, but includes the additional two 

rows for the expected figures of the underwriting risk in 2007 and 2008. In the PTF 

modelling framework, the projection of reserving and underwriting risk are not seen as two 

separate problems but rather the two risks can (and should) be treated as liability risk. As 

mentioned previously, the 2%+-1% future calendar trend is added. 

As before, the expected change in ultimate for each year and total as the next years data 

becomes available is also quantified. 
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The Mack Method 

 

The Mack Method was applied to the Paid Losses and subsequently to the Incurred Loss 

array.  

Mack Method applied to Paid Loss data 

 

As with the previous dataset, the same set of diagnostics are produced for the Mack Method 

on the Paid Losses. First, the residuals versus the three directions and the fitted values are 

examined. The other assumptions of the Mack method, denoted previously are then tested. 
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The residual displays indicate underfitting is occurring, particularly by calendar year and 

there are a few accident years that are underfitted. The trends in the method are less than the 

trends in the data.  

However, the next step is to test for the necessity of an intercept and whether the ratios from 

the previous cumulative are indicators of the next incremental. 
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Cum.(1) vs Cum.(0)

0 100 200 300 400 500

0

500

1,000

1,500

2,000

Incr.(1) vs Cum.(0)

Corr. = 0.054, P-value = 0.890

200 250 300 350 400 450 500

1,000

1,100

1,200

1,300

1,400

1,500

 
The displays are obviously distorted by the extreme observations, but even without those 

observations it is clear that an intercept would provide a better alternative.  There is no 

relationship between the incrementals at period 1 versus the cumulative at period 0 (right 

hand plot). 

Since the residuals indicate problems, however, the projections for the method are produced 

but without further discussion. 

 

Instead we move onto examining the projections of the outstanding based on the Incurred 

Losses. The effect of the case reserve estimates increase may distort the calculation of the 

outstanding. 

Mack Method applied to Incurred Loss data 
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Wtd Std Res vs Dev. Yr
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The Incurred Losses shows the calendar increase effect of the sudden ramping up of the Case 

Estimates – 2005 in particular is high. The resulting forecast table is radically overstated 

(compared to PTF) given the Case Reserve Estimates still have to be allocated into the 

liability stream. 

For the reserve component only, the forecast completing the square is shown below. 

 
In conclusion, as with the previously analysed dataset, the optimal PTF model provides the 

best estimate of the total reserve. Furthermore, the optimal model is expected to be the most 
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responsive to future calendar year changes given the measurement of calendar year trends is 

an inherent part of the model identification process in this framework. 
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Data set H 
 

Choice of Exposure Vector 

 

Comparison of Exposure vectors using the separation method indicates that Wages (left graph 

above) supplies the best exposure.  The graph on the right uses “Exposure”. Note the 

difference in scale. 

 

Model Display 
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Modeling the trends in the three directions yields the above depicted model display.  Note the 

very striking “kink” in the calendar year direction that occurs in 2005. This can be seen in the 

raw data as well as in a model display which adds only development and accident year 

parameters. 
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Left: The normalised (by Exposure) data plotted against calendar year on Log-scale. Right: The same 

data after development year and accident year trends have been adjusted for (estimated) only. 

 

We can model the CREs to gain more insight into this calendar year trend changes. Here we 

see an opposite, although less pronounced effect in 2005. 
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CRE model display showing the trends in the three directions. Apart from a “kink” in 2005 there is a 

steady positive calendar (inflationary) trend of  0.0536+_0.0148. (Compare with the positive trend in the 

Paid Losses.) 
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Calendar Period plot of residuals for CRE model. Left: After development and accident trends have been 

accounted for. Right: After correction for 2005. 

The indications are that the drop in Paid Losses experienced in 2005 with subsequent major 

increase across the range of accident years was not due to a change in economic conditions, 

but is quite likely to have been caused by a change in the claim clearing rate.  

Fewer claims settled (closed) in 2000, hence more remaining open increasing the CREs by 

huge amount. Following year 2006 many more settled causing huge trend in paid losses but 

fewer remaining open reduce the CREs substantially. 

We do not have the incremental number of claims closed (NCC) triangle available so we are 

unable to prove this hypothesis beyond all reasonable doubt. 

Forecast Scenarios 

We regard the 2005 “kink” as a transient claim-clearing-rate effect and look to the prior 

trends in the paid losses as a basis for our forecasting scenarios. We propose four and we 

shall extend them all to development year 30. We also believe that Scenario 1 is the most 

likely given the trend structure in the CREs relative to the paid losses. 

The four are given in order of increasing conservatism. In practice the ability to update the 

models with new data as it becomes available means that we can monitor developments and 

eliminate the scenarios which have not eventuated. If reserving has been based on a 

conservative assumption which is not borne out then the difference between the old reserve 

figure and that derived from the revised scenario can be taken as profit. 

In the past there was a zero calendar trend from 1997 to 2001 followed by a 0.0706+_0.0346 

trend from 2001 to 2004. 

Scenario 1:   (-.19+_ the old) 

The calendar year 2006 is approximately 26% higher than  if the trend of 0.0706 +_ 0.0346 

had continued from 2004 and 2006. By adopting a correction of -19% in 2007-2007 we rejoin 

the original trend in 2007.  
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    Iota          Std.Error 

2006~2007 -0.1900  0.0346 

2007~2036  0.0706     0.0346 

The -19%+-3.46%   is a correction for what we believe is an overshoot. 

Scenario 2: The trend of 0.0706+_0.0346 recurs after two years of zero trend and persists for 

the remainder of the forecast period. 

Scenario 3:   The trend of 0.0706+_0.0346 recurs after one year of zero trend and persists for 

the remainder of the forecast period. 

Scenario 4:  The trend of 0.0706 +_ 0.0346 is maintained through the entire forecast period. 

 

In all cases we assume the development decay is maintained for the entire period. Since this 

is a fairly sharp decay the effect of the positive calendar trend is minimal after a few years. It 

is also likely that as you add more development periods you will probably need to add decay 

parameters that are less sharp. 

Forecast Results 

The figure below shows the bottom left corner of the forecasting table for Scenario 1. The 

Numbers in the leftmost column show the calendar year totals for the past years with the 

observed values in blue and the model fitted values in black. We see that the fit is fairly close 

in all cases. The past portion of the forecast table is the same for all forecast scenarios. 

In the bottom row of the table are the projected calendar year payments for the future years. 

The dark red numbers are the associated standard deviations. 
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The results from a forecast scenario can be conveniently summarised in an Accident Year 

Summary table. 

Accident Year Summary Scenario 1: 

 

The two columns on the right describe the changes in SD and Ultimate that can be expected 

when the next years data has been added. For example, with one more diagonal of the table 
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filled in with observations, there are fewer cells to forecast, so the SD of the aggregate will 

drop to be in the range of £5,030K. Similarly the Ultimate will undergo some adjustment and 

the standard deviation of this change is £6,870K. 

Accident Year Summary Scenario 2: 

 

 

Accident Year Summary Scenario 3: 

 

Accident Year Summary Scenario 4: 
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Forecast Results – Calendar period payment streams. 

 

Using the forecast table we can predict the payment streams resulting from the accident years 

in our data sample. We present these is graphical form below. The red dashed lines begin at 

the onset of the forecast period and represent the mean +_ one standard deviation. 

 

 

Forecast Scenario 1 
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Forecast Scenario 2 

 

Forecast Scenario 3 

 

Forecast Scenario 4 
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Reserve probability distributions by calendar year, accident year and total 

 

For brevity we show only the highlights of the reserve probability distribution for Scenario 3. 

 

Kernel and Histogram (Acc Year: Total)
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The histogram of the distribution based on 10000 simulations with Kernel smoothed 

distribution curve in blue. The red vertical bar is the mean and the yellow the median. The 

separation between median and mean is an indication of the high degree of skewness. 
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 If the Provision is set equal to the Mean the VaR at a given quantile is equal to the 

distributional value at that quantile minus the mean. The Tail VaR, or Expected Shortfall is a 

higher number, being the mean value of the losses minus the mean, given that the losses 

exceed the given quantile. 

 

Quantiles 

 

90% 95% 99% 99.5% 

VaR 9,437 13,405 22,728 26,104 

TVaR 15,434 19,541 29,609 35,822 

 

 

Mack Method PL(C) 

We can compare the results above with those produced by the Mack Method as applied to 

PL(C). 

The Mack residual display shows the characteristic “kink” in the calendar direction and 

indications of an inflationary trend apart from this. There is no way of measuring this 

however, as the method does not include calendar year parameters a la the PTF modelling 
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framework and does not allow for control of assumptions for the future!  There is also a 

downward trend in Residuals vs. Fitted values. 

Wtd Std Res vs Dev. Yr
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The predictive power of this method can also be indicated by plotting cumulative for 

development year n against incremental for year n+1.  The results in this case are typically 

not favourable. 

Cum.(1) vs Cum.(0)
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The Mack regression is represented by the red line in the left display. The right display 

however indicates that the incremental for dev 1 are not predicted well by the cumulative for 

dev 0. The green line indicates a better fit and illustrates that this method would be improved 

by an intercept parameter. 
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The Mack reserve mean of 15,742 is very low and far below the identified PTF model mean 

estimates for all Scenarios 1-4 

We can obtain almost exactly the same mean and SD as the Mack method if we assume for 

the identified PTF model the future calendar year trend is  -0.25 +_ 0.08 over the same 10 

year horizon. 

In a similar vein we can capture the mean and SD of the Mack IL(C) forecast in PTF by a 

scenario that involves a sharp drop in 2006-2007 -0.69+_0.19 followed by a zero trend. 

There is, however nothing in the past history of the paid losses to suggest that such 

forecast scenarios are plausible. 

 

Mack Method IL(C) 

The Mack Method applied to the Incurred losses produces similar results to the cumulative 

paid Losses. If anything the residual display shows more unaccounted-for structure and the 

Cumulative vs. Next Incremental plots even less correlation. 
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Wtd Std Res vs Dev. Yr
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Mack Residuals for IL(C) 

Cum.(1) vs Cum.(0)
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Mack regression (red line, left graph) and the basis for prediction of the innovation (i.e. next 

incremental) in the right graph. 

. 
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The Mack forecast mean results for the IL(C) are a little higher than for PL(C) but still far 

below the identified PTF model mean estimates for all Scenarios 1-4. 

These mean estimates can be reproduced by the identified PTF model by using the 

implausible forecast scenario of a negative calendar year trend of -0.2+_0.08 for the 

remaining 10 years of the forecast period 

The Bootstrap, optimal PTF model, and the Mack method 

We conclude this section with a discussion of the bootstrap diagnostic tool with application to 

the optimal PTF model and the Mack method as applied to the Paid Loss data. 

The bootstrap is a useful technique for obtaining estimates of parameters and their properties 

where the sample size is small or where calculation by other methods is intractable. Note that 

where there are strong calendar trends or other structure in the model, bootstrapped samples 

are unable to remove the deficiencies in the model and give misleading answers. 

Bootstrap samples must come from the same distribution. We have to transform the data into 

a form where the criteria can be met. To do this, we first create a model for the data that takes 

the structure out of the data and leaves „unstructured‟ (random) noise.  

 Data = Structure + Noise; or, equivalently: Data = Fitted Model + Residual  

The noise can be sampled by the bootstrap without any distributional assumptions. We can 

sample the noise and add this back onto our model to obtain „sample data‟. 
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If the model has removed all the structure from the data (the noise component contains no 

further structure), then the bootstrapped samples should have the same characteristics as the 

original, real, sample. In this case, a bootstrap sample and the real data are indistinguishable 

in respect of trend structure and volatility around the trend structure.  

However, if there is still structure existing in the noise component, then the bootstrapped 

samples will still suffer from the same problem as samples taken from the original data – the 

calculation of the statistics will not be representative of the underlying population. The 

bootstrap technique cannot compensate for a bad model. 

The optimal PTF model and the Mack method are both used to estimate the structure in the 

data and therefore both produce a set of residuals. The bootstrap can then applied to the sets 

of residuals with the result being a new sample of pseudo-data. The new samples are 

expected to be consistent with the original data if the respective fitted model removed all 

structure from the data.  

From our previous analysis, we know that the residuals from the Mack method contain 

calendar year structure – all the residual points in 2006 are positive while all the residuals in 

the previous year are negative. Since the Mack residuals are not random, bootstrapping this 

model will not add any gain in effectiveness in estimating the required reserve. The 

bootstrapped samples will give significantly different answers from the Mack method applied 

to the original data and any bootstrapped sample will be instantly distinguishable from the 

real data. 

Residuals from the PTF model are bootstrapped and applied to the fitted PTF model structure 

to produce new bootstrapped data. The same process is applied to the Mack method. A model 

which removes the average development and accident level structure was applied to all three 

datasets – original, bootstrapped from PTF, and bootstrapped from Mack. The structure was 

then analysed in the calendar direction (residuals versus calendar). 

Original: Wtd Std Res vs Cal. Yr
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Bootstrapped (Mack) Wtd Std Res vs Cal. Yr
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The previous displays highlight instantly that the new data bootstrapped from the Mack 

method is not comparable to the original data – the calendar year structure has been lost. In 

contrast, the bootstrapped sample from the PTF model is interchangeable with the original 

data – the sample produced is comparable to the original data. 

The good PTF model, when fitted to the bootstrapped Mack data, gives a completely different 

picture. 
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MLE Variance vs Dev. Yr
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Similarly, applying the Mack method to both datasets, original and the data from the 

bootstrapped Mack also produce very different results by calendar period. 
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Original (Mack) Wtd Std Res vs Cal. Yr
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Bootstrapped (Mack) Wtd Std Res vs Cal. Yr
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Again both plots are instantly distinguishable. 

Finally, some actuaries bootstrap the Log-linear Poisson model and apply these residuals to 

the fitted Mack method to obtain new data. There are two problems with this approach. 

Firstly, the residuals for the log-linear Poisson are very close to the residuals for the chain 

ladder model for the real data (see previous page) and still have the same structure problem as 

for the original Mack method. Secondly, there is no reason to expect that the addition: Mack 

+ Bootstrapped residuals (Log-Linear Poisson model) will produce a sample like the original 

data. In fact, there is every reason to believe that this calculation will not represent the 

original data since the models are measuring very different structural components. 

Conclusion 

Applying the bootstrap to the Mack method does not improve the effectiveness of the method 

at estimating the total reserve rather the deficiencies of the method are shown. Any inference 

drawn from samples from the Mack method will not represent the real data. As illustrated 

above, the bootstrapped samples have no connection to the real data since the method did not 

remove all the structure found in the data. 

The bootstrap is a powerful diagnostic tool which further validates the selection of the PTF 

model. 
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Data set I  

 

The choice of exposure vector is carried out in the same way as indicated above, so we omit 

the details. In this case again we chose Wages as the best exposure. 

Model Display PL(I) 

The PTF Model and Residual Displays appear below. 

We note an underlying calendar trend of 0.1695+_0.0373 which is interrupted in 03-04 by a 

transient occurrence of a much sharper trend 0.6515+_0.1103. 

After accounting for this trend change as well as the development and accident structure we 

obtain residual plots that are substantially flat. 
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Wtd Std Res vs Dev. Yr
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Model Display CRE 

The model and Residual displays for the CREs are shown below. Once again, as in the case 

of dataset H, we see no indication of the same “kink” in the inflationary trend as was seen in 

the Paid losses, in fact if anything the CREs move in the opposite direction, since the 

underlying positive trend is suspended in 03-05 and resumes at a sharper rate in 05. One 

could argue that the more recent large trend in the CREs is catch up. 

Once again we conclude that the underlying causes for the increase in PL in 03-04 were not 

external economic drivers but most likely some change in claim clearing procedures or 

legislative change. A better understanding of the cause of the change and the modelling of 

NCC(I) would assist in determining whether this large trend would rear its ugly head again 

for one year.  Lacking the NCC(I) data triangle we cannot carry this inquiry any further  
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Dev. Yr Trends
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Forecast Scenarios 

It may be as for dataset H that substantially more claims are closed in 04 causing the 

0.6515+_0.1103 trend. The zero trend in the CREs from 03-05 is suggestive of this but that is 

hard to know without modelling the NCC. 

We present three forecast scenarios in increasing order of conservativity. 

Perhaps the most plausible conservative scenario is to continue the underlying 

0.1695+_0.0373 trend seen in all years apart from 03-04 for the remainder of the forecast 

period. We call this Scenario 1. 
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A second slightly more conservative scenario can be formed by taking the 0.2594+_0.0882 

trend seen in the last calendar year of the CREs for the first year of the forecast period for the 

paid losses before reverting to 0.1695+_0.0373. It is likely that the latest trend in the CREs is 

catch up as a result of zero from 04-05, but there is some evidence of an increase in the last 

calendar year of the PL and so we use this figure as an estimated trend in Scenario 2.  

A very conservative scenario is that the 0.6515+_0.1103 calendar trend experienced in 03-04 

kicks in immediately from 2006 to 2007 and then reverts to 0.1695 +0.0373. This scenario 

we call Scenario 3. 

We would also expect that the negative trend in the development direction would moderate as 

we go further into the development cycle. We can already see some evidence of this effect, 

typical of personal injury lines in the shift from the sharp trend D5-D6 to the softer trend D6-

D8. Accordingly, we adjust the development trend beyond D8 to -0.5+_0.0773 

Forecast Results and Autovalidation with Identified PTF model 

 

The lower left corner of the forecast table for Scenario 1 is shown below. Note the very close 

fit between the observed and model results for the past portion of the table. 
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Accident Period Summary for Scenario 1: 

 

Accident Period Summary for Scenario 2: 

 

Accident Period Summary for Scenario 3: 
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We show the calendar period payment stream graph only for scenario 1.  

Calendar Period Payment Stream Scenario 1: 

 

The decay is rapid after the first future year. The stream is 99% exhausted by 2019. 

Autovalidation. 

If we omit the last diagonal and recalibrate the model to the censored dataset we obtain a 

slightly lower forecast although well within the predicted range.  

This lends some credibility to our forecast Scenario 2 in which we assume a moderately high 

inflationary trend in 2006-2007. 
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Forecast Means and Standard Deviations vs Last Calendar Period
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Validation comparison for Scenario 1. Note that the means and SDs here refer to completing 

the forecast square and not to the extended 30 DY forecast used above.  

 

Reserve probability distributions by calendar year, accident year and total 

In the interest of brevity we give this only for Scenario 1 

Kernel and Histogram (Acc Year: Total)
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Distribution histogram with Kernel smoothed curve. There is some skewness evident but to a 

smaller degree than was seen for dataset H. 
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Quantiles 

  90% 95% 99% 99.5% 

VaR 8,619 11,596 17,686 20,079 

TVaR 12,800 15,576 20,889 22,664 

 

It is notable that the Scenario 2 forecast is at the 80
th
 percentile of the Scenario 1 forecast. 

Scenario 3 is at the 99
th

 percentile of Scenario 2. 

Mack Model and Forecast PL(C) 

 

The residual display for the Mack model shows remaining trend patterns in the accident, 

calendar and fitted directions. 
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Wtd Std Res vs Dev. Yr
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The Mack forecast based on PL(C) comes in higher than those for Scenarios 1 and 2, but 

lower than Scenario 3, which gives 76,485+_13,600 when limited to the same development 

range. 

The Predictive Power of this model is typically unimpressive: 
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Incr.(3) vs Cum.(2)

Corr. = 0.221, P-value = 0.634
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Mack Model and Forecast IL(C) 

 

Wtd Std Res vs Dev. Yr
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We note a downward trend against fitted and a sharp increase in the last calendar and last two 

accident periods.  Some of this might or might not account for the high forecast figure, which 

matches the PTF with most conservative Scenario 3. 
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Incr.(3) vs Cum.(2)

Corr. = 0.075, P-value = 0.873
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A Joint Model for Datasets D, F, H and I. 

 

We can combine the four PTF models described above in one joint model in the MPTF 

framework. This modelling framework detects the process correlations between individual 

lines and fine-tunes that model parameters using them. The resulting Reserve Correlations are 

generally smaller than the corresponding process correlations but do have a significant effect 

on aggregate standard deviations and risk capital allocations. We give the highlights of such 

an analysis below, under the assumption that the four datasets correspond to four lines of 

business in the same company. 
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The initial process correlation table shows a negative correlation between D and H and a 

positive correlation between H and F. All of the other correlations are insignificant. We 

choose to exclude the negative correlation from the final joint model as it may lead to a false 

optimism. The Final correlation table is as below. 

 

This leads to slight changes in the model parameters for datasets H and F. We illustrate this 

with the MPTF model display for dataset H as part of the point model, which can be 

compared with the individual model above in the corresponding section on this dataset. 

Dev. Yr Trends

0 1 2 3 4 5 6 7 8 9

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.4067

+-0.0976

0.2805

+-0.0906

-0.3613

+-0.0341

-0.3122

+-0.0425

Acc. Yr Trends

97 98 99 00 01 02 03 04 05 06

-5

-4.8

-4.6

-4.4

-4.2

-4

-3.8

-3.6

-3.4

-3.2

-3

-2.8

-0 .5035

+-0.1227

Cal. Yr Trends

97 98 99 00 01 02 03 04 05 06

-1.2

-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

0.0000

+-0.0000

0.0747

+-0.0308

-1.1303

+-0.0927

1.5197

+-0.1010

MLE Variance vs Dev. Yr

0 1 2 3 4 5 6 7 8 9

0

5e-3

0.01

0.015

0.02

0.025

0.03

0.035

0.04

 



 

Study for GI ROC 2009 Page 76 

 

We retain the same forecast scenarios and for a joint forecast using a scenario based on the 

preferred scenario in each case but going out to development year 10, so as to be comparable. 

Comparative plots for the LOBs give an idea of the relative contribution of each line and of 

the degree of risk diversification enjoyed by their grouping under one umbrella. 

The aggregate forecast table is given below. Note the comparatively low CV. There is clearly 

considerable diversification benefit from combining the four lines. 

 

Indeed the Final Reserve Correlation between the positively correlated lines F and H comes 

to 0.09, so the correlation between H and F does not greatly reduce the diversification. 

Reserve Mean by LOB as percentage of Total Reserve Mean
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The pie chart on the left shows the comparative size of the LOBs in terms of the mean, and 

the bar graph on the left the comparison of the CVs. We see that only line F has a CV below 

that of the aggregate. Line D is very small, accounting for about 1% of the total, while I is the 

largest line at around 40% of the total. 
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The graphs below show the comparative Risk Capital Allocation for the four lines, based on a 

total risk capital equal to the TVaR at the 95
th
 percentile of the aggregate distribution. Capital 

is allocated to each line in proportion to its contribution to the overall volatility. 

The display on the right indicates that H is the riskiest line since it‟s share of the risk capital 

runs to more than 25% of its reserve. Increasing the share of business accounted for by D or F 

should lower the overall risk level of the combined business, which currently is very close to 

that experienced by I, with risk capital at around 15% of the reserve. 

Risk Capital by LOB when Total Risk Capital is T-VaR at 95 %
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Total Mean 116,394; Risk Capital    19,573; 1 Unit = $1,000
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The quantile summary for the aggregate loss distribution shows again that volatility in the 

aggregate has been significantly contained. 
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Conclusion 
The PTF modelling framework is seen to be vastly superior to the alternative link ratio based 

methods including Mack (volume weighted average link ratios) for many reasons. The 

identified PTF model captures (describes) the volatility in a loss development array in a 

succinct way - the loss development array is regarded as a sample (path) from the fitted 

distributions to each cell. Trend relationships between paid losses, CREs and NCC arrays can 

be identified and used in formulating assumptions about future trends in the paid losses, 

especially in the presence of calendar year trend instability in the paid losses. The actuary has 

control on future assumptions that are explicit, can be related to past volatility, are audit able 

and can be monitored in a sound probabilistic framework. The numerous benefits include: 

statistically consistent estimates of prior year ultimates on updating, probability distributions 

of liability streams by calendar year required for cost of capital calculations, pricing future 

underwriting (accident) years, and computing the combined reserve and risk (capital) charge. 


